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The two-dimensional bisection method presented in (SIAM J.
Matrix Anal. Appl. 13(4), 1085 (1992)) is efficient for solving a class
of double eigenvalue problems. This paper further extends the 2D
bisection method to full matrix cases and analyses its stablity. As
in a single parameter case, the 2D bisection method is very stable
for the tridiagonal matrix triples satisfying the symmetric-definite
condition. Since the double eigenvalue problems arise from two-
parameter boundary value problems, an estimate of the discretiza-
tion error in eigenpairs is also given. Some numerical examples
are included. © 1996 Academic Press, Inc.

1. INTRODUCTION

This paper considers the numerical solution of the fol-
lowing double eigenvalue problems

(Ao = AA; — pAy) y1 =0,
(Bo — AB; — ,U~Bz))’2 =0,

(1.1)

where the real pairs (A, w) and the nonzero tensor products
v1 ® 2, y1 € R", y, € R™, are the eigenvalues and the
corresponding eigenvectors to be found. In [24] the author
presented a two-dimensional bisection method for the
above problems. To apply this method, however, the coef-
ficient matrices have to satisfy the so-called “TBC” condi-
tion: Ay € R™, By € R™ are irreducible symmetric
tridiagonal matrices; A; € R, B; € R™" (i = 1, 2) are
nonsingular diagonal matrices with the diagonal entries of
the same sign, respectively. This paper is to extend this
method to full matrix cases, i.e., A; € R™", B; € R™" are
symmetric for i = 0, 1, 2 and positive or negative definite
for i = 1, 2 (symmetric-definite condition for short). The
stability of the 2D bisection is analyzed. In addition, the
bound of the discretization error is also estimated since
the problems (1.1) arise by some discrete technique from
the differential eigenvalue problems as
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—(p1(x) y1)" + qi(x1) y1 = (As11(x1) + usi2(x1)) y1,
—(P2(x2) ¥5)" + g2(x2) y2 = (As21(x2) + usxn(x2)) y2,
vi(ay) cos oy — (pryi)(ay) sina; =0,

y1(by) cos By — (p1y1)(by) sin B; = 0,

(12)

yao(ay) cos ay — (p2y3)(az) sina, = 0,
ya2(b2) cos B = (p2y2)(b2) sin B, = 0,

where 0 = o, <7, 0<g; =m, p;, > 0and p;, q,, s; are
real valued and continuous, for i, j = 1, 2. The systems
(1.2) are known as two-parameter Sturm-Liouville (S-L)
eigenvalue problems which arise in many practical applica-
tions related to mathematical physics and engineering
problems. For instance, the charge-singularity problem [28]
from the electromagnetic field (also cf. Section 5), the self-
consistent field (SCF) equation in proton dynamics,

{Tf —escrei(é M) — /\,,}X(g) =0,
{Tn —escrpa(§m) — AGY () =0,

where Ty, T, are second-order differential operators, escp
and X(&), Y(n) are the common energy eigenvalue and
eigenfunctions, and the coupling constants (A,, A;) are con-
nected by some formulae; cf. [15] for details. In subsonic
aerodynamics, the “‘delta wing problem” also gives rise to
the problem (1.2). A delta wing is idealized as an infinite
sector. The delta wing problem is to determine the nature
of the solution of the potential equation in the neighbor-
hood of the tip of the wing. The governing equations for
flows over a delta wing which only weakly disturb the
oncoming uniform flows can be reduced to the equations
(cf. [38])

A"(a) +{h — v(v + 1)k’sn*(a, k)}A(a) = 0,
A(K) = A(—K) =0;
B'(B) +{~h+ v(v+ 1)1 — k"*sn*(B, k"))}B(B) = 0,
B(-K') = B'(K') =0,
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where 4 and »(v + 1) are the spectral parameters, k =
sin w, k' = cos o, w is the half angle of the sector, and
sn(+) is the Jacobian elliptic functions.

Probably the most natural way in which two-parameter
S-L problems arise in practice is when the technique of
separation of variables is applied to certain boundary
value problems associated with partial differential equa-
tions [13, 29, 39]. The Mathieu’s, Lamé’s, and ellipsoidal
wave equations are famous examples [1, 2, 36]. Two-
parameter S-L problems also arise in a number of other
areas; for instance, in the theory of approximations, in
many-body diffraction theory, and in nonlinear control
problems (cf. [34]).

Two-parameter eigenvalue problems have been thor-
oughly studied in theory (cf. [3, 6, 16]); the work of the
corresponding numerical analysis has also attracted a lot
of attention (e.g., cf. [10, 12, 18, 21-23, 30]). In particular,
[5, 9] had successfully extended the Priifer method, which
is one of the most efficient and powerful techniques
for ordinary S-L eigenvalue problems [25, 27], to two-
parameter cases. Since the Prifer method is a kind of
shooting method, a good starting value is a key to
success. Although both [5, 9] gave the strategy to produce
starting values, the problem cannot be considered com-
pletely solved because the two-parameter situation is
much more complicated than a single parameter case.
Matrix-type methods, like 2D bisection, provide another
approach. Not only can they produce starting values for
the 2D Priifer method, but they also have the advantage
of simplicity and maintain their efficiency even for high
oscillation solutions (cf. [25]). Therefore, it is necessary
to develop matrix-type methods for two-parameter eigen-
value problems.

This paper mainly concerns computation and related
theoretical analysis of the eigenpairs. It does not mean
that computation of the eigenvectors is a trivial task. Since
the numerical solution of three-dimensional partial differ-
ential equations often leads to very large systems of equa-
tions and poses serious complexity problems [14, 31], it
seems worthwhile to consider the classical method of sepa-
ration of variables for elliptic boundary-value problems
[11, 21]. In doing this, the computation of eigenvectors
plays a major role. The importance of the eigenvector’s
computation cannot be overemphasized and will be treated
as the subject of another paper [26].

The format of this paper is organized in the following
way. The concept of the eigencurve and the extension
of the 2D bisection method are described in Section 2.
Section 3 presents stability analysis for the 2D bisection
by Wilkinson’s backward error analysis technique. Section
4 discusses the definiteness condition and discretization
error of double matric eigenproblems from double differ-
ential eigenproblems. Numerical examples are given in
Section 5.

2. EIGENCURVES AND TWO-DIMENSIONAL
BISECTION

In order to decribe the 2D bisection method, we intro-
duce the concept of eigencurves of double eigenvalue prob-
lems. Let

FA p) = det(4y — AA; — pAy),
g(/\, [.L) = det(B() - AB] - ,lLBz)

(2.1)

be two polynomials of order n and m, respectively; where
A; € R™", B; € R™" satisfy the symmetric-definite con-
dition stated in Section 1. We define eigencurves of
f(A, ) =0 (or g(A, w) = 0) as the curves in the A—u plane
satisfying the equation f = 0 (or g = 0). Therefore, the
problem is to find intersection points of two families of
eigencurves. If f(A, w) and g(A, u) have no nonconstant
common factors, then by Bezont’s theorem [35, p. 44], the
two families of eigencurves f(A, w) = 0 and g(A, w) = 0
meet at n» X m points, counting their multiplicities.
About the range of these intersection points, [24] gives
a result similar to Gerschgorin’s theorem.

The 2D bisection presented in [24] is based on continuity
and monotonicity properties of the eigencurves, which are
certainly true for the matrix triple (Aq, Ay, A;) or (By, By,
B,) satisfying the “TBC” condition [24]. To extend the
bisection method to full matrix cases, the key is to show
the corresponding eigencurves still hold these properties.
In [7, 8], Professors Binding and Browne investigated
eigencurves of the differential equations (1.2). Under
certain conditions, they pointed out, for any n = 0, the
nth eigencurve w’(A) of each equation in (1.2) is analytic
over A € R and satisfies

w'(A) =cA+o(A) asA— oo, (2.2)
This tells us the asymptotic behavior of eigencurves of
differential equations. For full matrices A;, B; (i = 0, 1, 2)
in the problem (1.1) with the symmetric-definite condition,
the following properties can be easily verified.

LEMMA 1. Any straight line A = Ao/ = po has n inter-
section points (they may coincide) with eigencurves of
f(\, ) =0, where f(A, p) is defined in (2.1). The n eigen-
curves wr(A), ..., w"(A) of f(A, ) = 0 are continuous on
{—0 <A < +0; —0 < u < +} and each of them will
cross once and only once any line A = A/ = ug.

The above lemma is also true for the m eigencurves
of g(A, u) = 0. Therefore, each of the eigencurves of
f(A, w) = 0 or g(A, w) = 0 is strictly monotonic.

We are now in a position to describe an extension of
the 2D bisection method. Given a rectangle A = [wy, w,;
U1, Uy], which is formed by four sides paralleling coordinate
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axes: A = wi, A = wp, u = vy, 0 = U,. Before considering
the problem of how to locate intersection points (i.e., eigen-
pairs) of eigencurves f(A, u) = 0 and g(A, w) = 0 in this
rectangle, we recall that if M € R™" is a real symmetric
matrix, then the leading principal minors of M — Al form
a Sturm sequence {p,(A)}iy, where po(A) = 1 by definition.
Consequently the number of eigenvalues greater than A
is equal to the number of agreements in sign between
consecutive members of the sequence {p, (1)}, (if some
pAA) is zero then its sign is taken to be that of p,_;())).
Furthermore, the matrix pencil A — AB possesses the same
property if A is symmetric and B is symmetric positive
definite; i.e., the number of eigenvalues of Ax = ABx which
are greater than A is equal to the number of agreements
in sign between consecutive members of the sequence
{det(A, — AB,)}-, with the definition of det(Ay — ABy) =
1, where A,, B, are the leading principal submatrices of
order r of A and B, respectively (see [33, 41]). Therefore,
a bisection method associated with the Sturm sequence
property can be employed to locate any individual eigen-
value of Ax = ABx.

For the problem (1.1), suppose A;, B; (i = 0, 1, 2) satisfy
the symmetric-definite condition. Hence, both families of
eigencurves are monotonic and continuous on {—o <
A< +oo; —oo <y < +oo}, Based on this observation, we can
adopt two-dimensional bisection to locate the intersection
points of f(A, w) = 0 and g(A, w) = 0 in the rectangle A.
Note that if there are eigencurves of f(A, u) = 0 (or g(A,
@) = 0) passing through the rectangle A, they must cross
at least one side of A. On that side, however, either A or
W is a constant. So the problem is turned into an ordinary
generalized eigenvalue problem. By the Sturm sequence
property, we can check if that side contains eigenvalues
or not. If either eigencurves of f(A, u) = 0 or that of g(A,
1) = 0 do not pass A, then there is no eigenpair inside A.
Otherwise, divide A into four equal smaller rectangles and
repeat the above process until both sides of the smaller
rectangle are less than a required accuracy e. Then the
midpoint of the rectangle can be taken as an approximate
eigenpair. If there is more than one eigencurve of
f(A, ) = 0 and/or g(A, w) = 0 passing through the last
rectangle, we consider this solution as the approximation
of a group of roots (repeated or very closed roots).

Let [ng), wé’); vﬁj), véj)],j =0,1,2, ..., be a sequence of
rectangles obtained in the above 2D bisection method,

where [WEO), wgo); vﬁo), v§°>] = [wy, ws; vy, U2]. Notice that

47 = W= 27l ),
W — o] = 290 — o, (23)
In order to satisfy [w{? — w{’| < & and |} — v{| < &,

the number of bisections has to meet the following in-
equality

©) _ 0 © _ 0
j>1n|:max<|wl wol joy” v ﬂ/lnz. 2.4)
& &

The matrices A;, B; (i = 0,1,2) in (2.1) are often tridiago-
nal in practice. In such cases, it is preferable to use the
following sequence {s,(w)}L, say, for det(4, — AA; —
rAz) = 0 with A = Aq ([33]; also cf. [42, pp. 249-250; 32,
pp. 52-53]),

si(w) = alf = Aaty — pal?, (25)
si(u) = @i’ = Mol — pa?
- (az(‘,?zl - )‘Oagzl - Wfle)z/sifl(/w)- (2.6)

where the afjl) are entries of A; (i, j =1, ..,n; [ =0, 1, 2),
see the next section for more details.

When A;, B; (i = 0, 1, 2) are large, band matrices and
the band-widths are much smaller than the orders of A;
and B;, it is important to take advantage of the band struc-
ture. We may use a modification of elimination method to
determine the sign of {det(Ao, — A, — uA,, )} and
{det(By, — ABy, — wB;,)}"o, in which the reduction pro-
cess involved in triangular decomposition with pivoting is
applied to only the first  + 1 rows, for successive values
of r from 1 to n — 1 (cf. [20] for details).

Once an eigenpair has been isolated, the method of
successive linear interpolation can be used to obtain a
higher convergence rate (cf. [33]).

3. ROUNDING ERROR ANALYSIS

It is well known that the ordinary bisection method is
very stable [41]. In this section, we will examine the effect
of rounding-error arising from the 2D bisection process
for the problem (1.1). For simplicity, we suppose A;,
B; (i = 0,1, 2) are all symmetric tridiagonal.

Consider a typical step of the algorithm. Fix A := Ag in
the first equation of (1.1) and compute the sequence ¢;(Ao,
©), @2(Ao, 1), .o, @a(Ag, ) according to the formulae

ei(ho, ) = al — Aal) — pal?, (3.1)
@A, ) = (@ — roa) — ual?) @i (Ao, )
- (az(,(?zl - )\003)4 - M”gzl)z%—z()\o, w)  (32)

(i=2,3, .., n), where afjl) is the entry (i, j) of A; (i,j = 1,
2,...,n;1=0,1,2) and ¢y(Ag, u) = 1 by definition.

In order to prevent overflow and underflow, the follow-
ing sequence {s;(Aq, u)}-; is actually calculated
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_eop) _ o)

silho,p) = oS = ) — oy — pua (33)
QDi(/\o,M)
Si()\o,,u)=m [(@ — Aoal’ — ual?)i1(Ao, )

0 1
- (al(l)l - /\Oas,izl

- p«af) D7¢i-2(Ao, )]/ @i-1(Ao, p)

[~ roal? ~ el

0 1 2
(@) — Aoal) — pa,)?
si-1(Ao )

(When Si-15i-2 + O)

:< 0 1 2
“z(i) - )\Oaz(i) - Iu’al(i)

(when s;_; # 0, but s;_, = 0)
— 00

\ (whens;, #0,buts;; =0),i=2,3,...n

(3.4)

Then the Sturm sequence count is given by the number of
positive si(w), i = 1, ..., n (cf. [33]).

By the backward error analysis [40], we can prove the
following theorem 1. Let fi(-) stand for the result by per-
forming the appropriate floating-point operation (-). Let o

denote one of the four operations +, —, X, <. Because of
rounding errors, we have
fi(xoy) = (xoy)(1 +98), |o]=2" (3:5)

where x and y are standard floating-point numbers, ¢ (here
and below) is the number of digits after the binary point
for the computer in use. If |§] =27 (i = 1, 2, ..., n) and
n - 27" = 0.01, then, when n > 2, we have (e.g., cf.
[17, pp. 92-93])

1-n-2"<J[A+8)<1+101-n-2"

i=1

(3.6)

THEOREM 1. For any value of w the computed values
of the sequence {s(A, w)}i| are the exact values correspond-
ing to the modified tridiagonal matrices Aq + 6Ay, A{, +
0Ay, and A, + S6A,. Let 5a§,.l) denote the entry (i, j) of A,

G, j=1,2, ;[ = 0,1,2); then
|64 = (3.03)2" |a |, 1=0,2;
|60 || = (35427 |a?,|. 1=0,2; (3.7)

|6a'"| = (4.04)27 |a$");
[0a) | = (4.55)27" [aj;).

Proof. The proof is by induction for the index m: 1 =
m=n.

It is not difficult to verify that Theorem 1 is true for
m = 1, 2. Let us assume that (3.7) hold for m = k, i.e., the
computed s;(Ag, &), -.., Sk( Ao, w) are exact for three matrices
having modified elements up to a)+ 8a), a,(f}{ Lt
5a§3<_1 (I =0,1,2) and the modifications satisfy (3.7), then
we show that the computed s;.1(Ag, w) is the exact value
for three matrices having these same modified elements
in rows 1, 2, k and modified elements a,(cll 1t
5“&1,/(“’ ﬂffllk + 5“5211( (1=0,1,2).

Suppose si(Ao, w)Si-1 (Ag, ) # 0!

Sk+1(Ao, @)

(1) _ 2)
_ﬂ(ak+1k+1 Aoy g1 = MO e

1 2
_ (ag?l k /\Oagﬁ)l k :“4“221 k)2>
s(Aos 1)
2
= 11, oy — Aot gy — mally )1+ 8)
_ (ﬂ(agr)l,k - )‘0‘1%)1 k Magcz+)1 D+ &)

sk(Ao, )
0 ’
= a1(<+)1 ki1 (I +&0) = Aoakﬂ ke (I +e1) = lu'akﬂ k1 (1 +&3)

_ [a/g)l,k(l + 60) — /\0a§<1+)1,k(1 + 1)~ :‘Wﬁ)l,k 1+ 55)]2
31(/\0, M) .

t)3/251+525

Where |6 =27, (1 — 2~ (1 +27%. So

(1-27 =(A+e)=1+2", [=0,2
1-2 =(1+e)=>0+2%
( ) =( 1) =( ) (3:8)
A-22=1+68)=0+29" 1=0,2;
1=-2"2=0+6)=(1+27")"
Therefore,
16021 jer] = 1@ o el] = (3.03)27 |a) 1=0,2;
|5a§31,k = |a§31,k51,| =(3.54)27" |“§31,k ) 1=0,2 (3.9)

|5al((1+)l,k+l| = |a§cl+)1,k+18” = (4.04)27 |a§cl+)1 1l
|6al(<1+)1,k = |al(<1+)1,k51,| = (4.55)27" |a§<1+)1,k-

The proof is then completed. ||

LIf s¢(Ao, m) = 0, the conclusion is evident; if s;_1(Ag, m) = 0, there
are no operations for aj., . (I = 0, 1,2); hence the proof can be simplified.
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As the theorem shows, the 2D bisection method is very
stable for the tridiagonal matrix triples satisfying the sym-
metric-definite condition.

4. DEFINITENESS CONDITION AND DISCRETIZATION
ERROR ESTIMATE

As we stated in the Introduction, the problem (1.1) arises
from the two-parameter S-L eigenvalue problem (1.2).
Therefore it is needed to estimate the discretization error
when (1.2) is replaced by (1.1). To this end, we first intro-
duce an important concept—the definiteness condition. We
can describe this condition for more general multiparame-
ter eigenvalue problems as

AMiouy + M Myuqy + -+ McMyuy =0,
4.1)
/\0Mk0uk + Aleluk + -+ )\kMkkuk = 0,

where u; € C" (i =1, ., k), M; € C"" (i =1, ., k;j =
0, 1, ..., k) are Hermitian matrices over the complex field.
A nonzero (k + 1)-tuple of scalars A = (A, ..., Ay) is called
an eigenvalue such that there exist vectors u,, r = 1, ..., k,
satisfying the k equations in (4.1). The corresponding ten-
sor product u = u; ® --- ® u, is called the eigenvector of
the problem (4.1). We introduce the following.

Definiteness Condition. For some fixed set of real sca-
lars wo, ..., ux, and for all sets

gECH g#0, i=1,..,k, 4.2)
we have
Lo Mk
H H
giMwg ... g Mug
det| *' _ >0, (43)
g M8k g Mgk

Atkinson [3] proved that if the above definiteness condi-
tion holds, then all eigenvalues are real and the number
of distinct eigenvalues does not exceed Hf: 1 n,; there is a
complete set of eigenvectors, orthogonal in certain sense,
where to each eigenvalue is associated a number of eigen-
vectors equal to its multiplicity.

Now we turn to the discretization error of the problem
(1.1) from the problem (1.2). We will treat the case of two
parameters; however, the results can be easily extended
to multiparameter cases. Suppose that {xV}2, and
{x,@)}l‘ﬁl are two nets of grid points on [ay, b,] and [a, b,],

respectively, and that some discrete technique is employed
to the equations in (1.2), then the discrete equations

(Ao — M — ,U«Az)Zl = 7'1(21),

(4.4)
(Bo — ABy — uB) 25 = m(22),
are formed, where A; € R, B; € R™ (i = 0, 1, 2),
2 = 68 i 22 = (12 (), s 2 (ST,
71(z1) and 7(z,) are local truncation errors. In practical
computation, the matrix equations

(AO - ;EAI - ﬁAz)Zl = O, (45)
(Bo — AB; — uB,)2, = 0,

are solved, where (A, ) is intended to be an approximation
to some eigenpair (A, w) of (4.4) and the net function ; ®
2, is intended to be an approximation to the corresponding
eigenfunction on the net. The error in eigenpairs is denoted
by e = (A7 M)T - (X» la‘)T

In [22] the author gave the following error estimation.

THEOREM 2. Suppose that 7, = z; + 0o(1), £, = 7z, +
o(1), and ||zi|| = |lzall = 1. If

21TA121 ZlTAZZl
det =6>0, (4.6)
ZzTBlZz ZzTBzZz
then
llell = ¢ - 67 (Im[5 + (| ml5)"">, (4.7)

where c is a constant independent of the truncation errors.

Notice that condition (4.6) is somewhat stronger than
(4.3) in the sense that we let wo # 0, u; = uo = 0.
The estimation (4.7) also holds if

1Az ZTALZ
det =6>0.
Z1Bi%, Z1B,%,

In application, the matrices A;, B; are usually symmetric.
However, in derivation of the above results, we did not
exploit the symmetricity of A;, B;; instead, we invoke the
conditions Z; = z; + 0(1), £, = z, + 0(1). These conditions
are not necessary if the following condition (4.9) holds.
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THEOREM 3. Suppose A;, B; (i = 0, 1, 2) are real and
symmetric. If the net functions z1, z, and their approxima-

tions 2y, 2y satisfy ||zi]| = |lzafl = ||zl = |zl = 1 and
Z1TA1Z~1 Z1TA22~1
det =6>0, 4.9)
z3Bi%, 3By,
then

lelly = ¢ - 87 (Il + |

2)s (4.10)
lell> = ¢ - 67 (Im[l2 + [I7=[3)", (4.11)

lell. = ¢ - 67 max{l|l, |7}, (4.12)

where c is a constant independent of the truncation errors.

Proof. From the first equations of (4.4) and (4.5), we
have

TAvz — AZTAz) — n2TAsz = ZTm(z1),  (4.13)

2{AoZi — Az{A 2, — fiz{ A2z, = 0. (4.14)

Note that A; (i = 0, 1, 2) are symmetric, and subtracting
(4.13) from (4.14) gives

A= NzfAizi + (w— W)zl Az = 217 (z1).  (4.15)
Similarly, we have
A =NzIBi12 + (u — @) 23 Ba2y = —2375(22).  (4.16)
Combining (4.15) and (4.16) gives
- -1
A—A iAWz z2{ A% z{n(z1)
e = = - .
m— U ZzTBlfz Z{Bzfz 2572(12)
Hence
f]T'T] (Zl)
llell, =c-o67" , (4.17)
Am(22)

P

where p = 1,2, o (cf. [19]). The conclusions of the theorem
are then evident. ||

It is easy to see that the truncation error estimate is
closely related to the perturbation analysis of the eigenval-
ues. Although the perturbation theory of ordinary matrix
eigenvalue problems has a long history and is quite devel-

oped (e.g., cf. [37]), whether or not those techniques and
skills can be applied to multiparameter eigenvalue prob-
lems is an open question, as one might notice that both
Theorems 2 and 3 are not ready to be applied in practice.
Further work is necessary, and this virgin field is waiting
for us to exploit.

5. NUMERICAL EXAMPLES

In this section we present some numerical results. The
accuracy of the results is limited by two factors. One is the
truncation error. As shown in Section 4, the exact solution
of the discrete double eigenvalue problem (1.1) is only an
approximate solution to the original differential problem
(1.2). The other is roundoff error. In most cases, it is impos-
sible to get the exact solution of (1.1) due to finite-digit
operation. It is not appropriate to set the termination crite-
rion of the 2D bisection less than (in order) the trunca-
tion error.

The first example in this section is a model problem
of which we know the exact solution. A comparison of
computed solutions with the 2D bisection presented in [24]
has been made in terms of CPU time and accuracy. The
result illustrates the necessity of our extension. The second
example was considered by Fox, Blum, et al. The last exam-
ple, which has applications in electrostatic fields, is taken
from [28]. All computations were carried out in 32-bit
arithmetic on a CYBER 860 computer.

ExampPLE 1.
problem

Consider a model double eigenvalue

Y1+ 2dy1 + wy; =0,

yg + /\yz + 2,u,yz = O,
y1(0) = y(7) =0,
y2(0) = ya(m) = 0.

The exact eigenpairs are (A, u) = ((2(k + 1) — (I + 1)?)/
3, QU+ 1) = (k + 1)»)/3), k, 1= 0,1, 2, ...

By Numerov’s method with uniform mesh length /& =
m/(n + 1), the approximative matrix equations were
formed,

(5.1)

A()X + /\Alx + IU,AQX = O,
(5.2)
Boy + ABly + ,u,Bzy = 0,

where x,y € R", Ap = By = (¢;) are n by n symmetric
tridiagonal matrices with ¢; := =2 (i = 1, ..., n), ¢jj41 :=
1(=1,..n—1),A =B, =hQ2I + Ay, A, = B, =
h?(I + §5 Ay), I is identity matrix. Note that the 2D bisection
in [24] cannot be applied in this case.

Since Ay, A,, B, and B, are all positive definite, we use
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the algorithm described in Section 2 to solve eigenpairs in
the rectangle [—10, 17; —10, 17]. Taking n = 199, the results
coincide with the exact solutions to at least five decimal
places. The CPU time was 54 s.

If we adopt the center difference scheme to approximate
(5.1), A, A, By, and B, in (5.2) will be diagonal and
definite. Therefore we can use the 2D bisection method
in [24]. By taking n = 499 with uniform mesh, the computed
results coincide with the exact solutions to two decimal
places within a CPU time of 142 s.

ExampLE 2. [10, 18] studied the example
y”+L(/\+pgx+x2)y=O
p(x)

(5.3)
y(=1) = y(0) = y(1),

where p(x) = 1 + x + x%

To discrete (5.3), take uniform mesh points x{V, ...,
x®in (=1, 0) and x?, ..., x? in (0, 1), so that the step
sizeis h = 1/(n + 1). Since y(0) = 0, y'(0) # 0, we assume
y(x®) #= 0, y(x{?) # 0 and let the eigenvectors satisfy
() ~y(0)/h = —(y(xt) —y(0))/h. Using the algo-
rithm described in Section 2, the eigenpairs in the rectangle
[0, 200; 0, 200] are solved as

(1213506,  9.60367),
(36.60801,  68.56718),
(5051166,  36.33246),
(7147327, 182.52810),
(95.77223, 124.53363),
(11455835,  80.77256),
(14076062,  21.29578),

in which one pair of eignevalues A = 12.135, u = 9.604
was given in [18], and A = 12.134545, u = 9.6032854 in [10].

ExampLE 3. Finally we solve the charge-singularity
problem considered in [28]; [5] rewrites it in the self-ad-
joint form

((1 = K?cos? x)Y2L")" + (A + Ak? sin? x)
X (1 — k*cos?x)™12L = 0,
(1 — k'?cos® y)2N") + (= Ay + Ak'2sin? y)
X (1 = k'*cos?y)"12N = 0,
x,y € (0,x),
L(0) = L'(m) =0,
N'(0)=N'(m)=0
N(@) = N(m)=0

(5.4)

if0<y<m,

if7m < y<2nm,

TABLE I
x/m A» (Morrison) A, (Bailey) A, (computed)
0.04021 0.134437 0.1344183 0.1344238
0.28858 0.275451 0.2754502 0.2753945
0.9500 0.701815 “ 0.7025342
1.125 0.887700 0.8877101 0.8876282
1.875 1.971545 “ 1.971277
1.950 1.995385 “ 1.995327

“ Results not given in [5].

where k = sin(1/2|m — |), kK’ = V1 — k2, and y is the angle
of the sector. The problem is divided into three cases: spike
when y is small, slit when y is close to 2w, and nearly
straight edge when y is close to 7. We use Mar¢uk’s integral
identity to discrete the differential equations in (5.4) (cf.
[4, Chap. 4]). The computed results are given in Table I.
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